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3 Diophantusof Alexandria

dedication to Dionysius in The Arithmetica
3" Century AD

“Perhaps the subject will appear rather difficult, inasmuch as
it is not yet familiar (beginners are, as a rule, too ready to despair
of success); but you, with the impulse of your enthusiasm and
the benefit of my teaching, will find it easy to master; for
eagerness to learn, when seconded by instruction, ensures rapid

progress,”



THE DIOPHANTINE EQUATION ax +by=1

Treorem 29, The liear Diphantine egtmrr'ﬂﬂ ax 4 by = ¢ has a olution
if and only if d\ ¢, where d=ged (s, b). If xq, 3y is any partioular

solution ﬂf His ﬁqﬂm‘:w: Hen all other mfm‘mm art gmm Ig

x=xy+(d),  y=yo-(ald)

for varying infegers ¢,



Proof:

equation ax + #y=¢ admits 2 solution if and only if d|¢, where d=
ved (g, ). We know that there are integers r and s for which 2 = ar and
b—ds. If a solution of ax+ by=rc exists, so that ax,+ by, =¢ fot

suitable x; and y,, then
¢ = axy + byg = drxy + diyo = d(rxo + o)y

which simply says that 4| s Conversely, assume that 4|, say ¢=d.
Using Theorem 2-3, integers x, and 7, can be found satisfying 4=
axy + by, . When this relation is multiplied by # we get

¢ == df = (ax, + byo)t = a(fxo) + U(ty)-

Hence, the Diophantine equation ax - by=1¢ has x=/xy and y=



Progf: To establish the second assertion of the theorem, let us
suppose that a solution x,, y, of the given equation 1s known. If
x',y" is any other solution, then

axo 4 byo=¢=ax'+ by,
which is equivalent to

a(x" — xo) =b(yo—J').

By the Corollary to Theorem 2-4, there exist relatively prime integers
r and s such that a =4dr, b=ds. Substituting these values into the

last-written equation and cancelling the common factor 4, we find
that

r(x"— xq) = 5(yo—2").



‘I'he situation is now this: 7| s( e —"), with ged(r, 5f) = 1. Using
Euclid’s Lemma, it must be the case that r{(y, —»"); or, in other
words, ¥, — )" = r¢for some integer /. Substituting, we obtain

x'— xq = it
This leads us to the formulas
"= 9+ 5t = xq 4 (bld)2,
V' = —rt =y, — (ald)t.

It is easy to see that these values satisfy the Diophantine equation,
regardless of the choice of the integer #; for,

ax’ 4+ by’ = a[xq + (b|d)¢] + b yo — (ald)¢]
= (axo + byo) + (abld — abld)¢
= -|- 0.¢f=r¢

Thus there are an infinite number of solutions of the given equa-
tion, one for each value of £



An example:

m Determine all solutions in the positive integers
of the following Diophantine Equations:
a) 18x +5y=48.
b)54x+21y=906.
¢)123x+360y=99.
158x- 57y=7.



"
a)

First we find gcd(18,5)

By Euclidian algorithm

Wehave, 18 — 3< 5+ 3
5 —1<3+ 2
S=1=<2+1
2 =2=<1+0



"
m The last non zero remainder Is 1,s0 that
d=gcd(18,5)= 1.
Now we eliminate remainders 1,2,3 successively

We get,
1=3—-1x2

=3—-1(5—1%x3)
=3x2—-1x%x5
=(18—-5x3)x2—-1x5
=18x<2+5(—7)



MU‘FI[Z) ying o%n oth sides by 48 we get

48 =18 = 96 + 5(—336)

Thus xo0 =96 and yo =-336 provides one
solution of the Diophantine Equation. All other
solutions are given by,

b Y=Y, ——t
x:x0+at and ° o d
C

where t IS any Integer.
X=96+5t and y=-—336-18t



To find all solutions In the positive integers
must be chosen to satisfy the inequalities,

96 + 5t — Oand —336—-18t =0
5t — —96and — 336 — 18t
1.et — —191and —18E .

5 18
—18E —t > —191
18 5

t=—19
Hence , t= —-19

The required positive solution is,
X=1and y =6.
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